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Abstract
A pair of commuting bounded operators (S, P ) for which the set
Γ = {(z1 + z2, z1z2) : |z1| ≤ 1, |z2| ≤ 1} ⊆ C2
is a spectral set, is called a Γ-contraction in the literature. For a contraction P and a
bounded commutant S of P , we seek a solution of the operator equation
S − S∗P = (I − P ∗P ) 12X(I − P ∗P ) 12 ,
where X is a bounded operator on Ran(I − P ∗P ) 12 with numerical radius of X being not
greater than 1. We show the existence and uniqueness of solution to the operator equa-
tion above when (S, P ) is a Γ-contraction. We call the unique solution, the fundamental
operator of the Γ-contraction (S, P ). As the title indicates, there are three parts of this
thesis and the main role in all three parts is played by the fundamental operator. The ex-
istence of the fundamental operator allows us to explicitly construct a Γ-isometric dilation
of a Γ-contraction (S, P ), whereas its uniqueness guarantees the uniqueness of the minimal
Γ-isometric dilation. The fundamental operator helps us to produce a genuine functional
model for pure Γ-contractions. Also it leads us to a complete unitary invariant for pure
Γ-contractions. We decipher the structures of Γ-isometries and Γ-unitaries by characteriz-
ing them in several different ways. We establish the fact that for every pure Γ-contraction
(S, P ), there is a bounded operator C with numerical radius being not greater than 1 such
that S = C + C∗P . When (S, P ) is a Γ-isometry, S has the same form where P is an
isometry commuting with C and C∗. Also when (S, P ) is a Γ-unitary, S has the same form
too with P and C being commuting unitaries. Examples of Γ-contractions on reproducing
kernel Hilbert spaces and their dilations are discussed.
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